SPHERE THEOREMS IN GEOMETRY 



SIMON BRENDLE AND RICHARD SCHOEN 

Abstract. In this paper, we give a survey of various sphere theorems 
in geometry. These include the topological sphere theorem of Berger and 
Klingenberg as well as the differentiable version obtained by the authors. 
These theorems employ a variety of methods, including geodesic and 
minimal surface techniques as well as Hamilton's Ricci flow. We also 
obtain here new results concerning complete manifolds with pinched 
curvature. 



1. The Topological Sphere Theorem 

The sphere theorem in differential geometry has a long history, dating 
back to a paper by H.E. Ranch in 1951. In that paper j64J, Ranch posed 
the question of whether a compact, simply connected Riemannian manifold 
M whose sectional curvatures lie in the interval (1,4] is necessarily homeo- 
morphic to the sphere. Around 1960, M. Berger and W. Klingenberg gave 
an affirmative answer to this question: 

Theorem 1.1 (M. Berger [3j; W. Klingenberg [48]). Let M be a compact, 
simply connected Riemannian manifold whose sectional curvatures lie in the 
interval (1,4]. Then M is homeomorphic to 5". 

More generally, Berger [3j proved that a compact, simply connected Rie- 
mannian manifold whose sectional curvatures lie in the interval [1, 4] is either 
homeomorphic to 5" or isometric to a compact symmetric space of rank one. 

K. Grove and K. Shiohama proved that the upper bound on the sectional 
curvature can be replaced by a lower bound on the diameter: 

Theorem 1.2 (K. Grove, K. Shiohama [33]). Let M be a compact Riemann- 
ian manifold with sectional curvature greater than 1. If the diameter of M 
is greater than 7r/2, then M is homeomorphic to S"". 

There is an interesting rigidity statement in the diameter sphere theorem. 
To describe this result, suppose that M is a compact Riemannian manifold 
with sectional curvature K > 1 and diameter diam(M) > 7r/2. A theorem 
of D. Gromoll and K. Grove [27] asserts that M is either homeomorphic to 
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S", or locally symmetric, or has the cohomology ring of the 16-dimensional 
Cayley plane (see also [M])- B. Wilking [74] proved that, in the latter case, 
M is isometric to the Cayley plane. 

2. Manifolds with positive isotropic curvature 

M. Micallef and J.D. Moore have used harmonic map theory to prove a 
generalization of Theorem ll.il In doing so, they introduced a new curvature 
condition which they called positive isotropic curvature. A Riemannian 
manifold M is said to have positive isotropic curvature if 

-Rl313 + RuiA + -^2323 + -^2424 — 2 i?1234 > 

for all points p ^ M and all orthonormal four- frames {ei, 62, 63, 64} C TpM. 
We say that M has nonnegative isotropic curvature if 

-R1313 + -R1414 + -R2323 + -R2424 — 2 i?l234 > 

for all points p G M and all orthonormal four- frames {ei, 62, 63, 64} C TpM. 

We next describe an alternative characterization of positive isotropic cur- 
vature, which involves complex notation. To that end, we consider the com- 
plexified tangent space TpM = TpM (8)r C. A manifold M has nonnegative 
isotropic curvature if and only if 

R{z, w, z,w) > 

for all points p £ M and all vectors z,w G T^M satisfying g{z, z) = 
g{z,w) =g{w,w) =0 (cf. [52J). 

The main theorem of Micallef and Moore is a lower bound for the index of 
harmonic two-spheres. Recall that the Morse index of a harmonic two-sphere 
is defined as the number of negative eigenvalues of the second variation 
operator (counted according to their multiplicities). 

Proposition 2.1 (M. Micallef, J.D. Moore [52]). Let u : S"^ ^ M be a 

harmonic map from S'^ into a Riemannian manifold M. We denote by E = 
u*TM the pull-back of the tangent bundle of M under u, and by E'^ = E(E)rC 
the complexification of E. Moreover, let I be the index form associated with 
the second variation of energy. Then 

I(s,s) = 4: f \D_a_s\'^ dx dy — 4 [ r( —, s, —,s] dx dy. 
Js2 sz Jg2 \dz dz J 

for all sections s G T{E^). Here, z = x + iy denotes the complex coordinate 
on 52. 

Proof of Proposition EH Let / : T{E^) x T{E^) C denote the com- 
plexified index form. Then 

I{s,s) = / [\D _a_s\'^ + \D_a_s\'^) dx dy 

J52 V Vax ox J \oy ay J J 
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for all s eT{E^). We next define 

Moreover, for each section s € r{E'^) we define 

Da_s = - {D_a_s — iDa_s), Da_s = - {Db_s + iDa_s). 

dz 2i dy dz Zt dx dy 

With this understood, the complexified index form can be written in the 
form 



I{s,s) = 2 {iDj^sf + \D3_sf)dxdy 

J g2 dz dz 



, , ^, du du \ ^fdu du , , , , 
-2/ [R[^,s,—,s]+R[—,s,—,s]]dxdy 



~dz dz ' \dz dz 
for all s € T{E'^). Integration by parts yields 

|D_9_s|^ — |i?_9_'5|^) dxdy 



52 



dz 



= / g{D d_D a_s — D d_D a_s,s) dx dy 

Jg2 dz 8z dz dz ' 

^(^' ^'*'^) ^^^^ 

for all s € T{E'^). Putting these facts together, the assertion follows. 



Theorem 2.2 (M. Micallef, J.D. Moore [52]). Let u : ^ M be a har- 
monic map from S'^ into a Riemannian manifold M . If M has positive 
isotropic curvature, then u has Morse index at least [^^^]. 

Proof of Theorem \2.SX We denote hy E = u*TM the pull-back of the 
tangent bundle of M, and by E"^ the complexification of E. Let z = x + iy 
the complex coordinate on S"^. As above, we define 

D8_s = - {Dd_s + i Da_s) 

dz dx dy 

for each section s G T(E^). We say that s G r(E^) is holomorphic if 
Dd_s = 0. 

dz 

Let Ti denote the space of holomorphic sections of E'^. Given two holo- 
morphic sections si,S2 € TC, the inner product g{si,S2) defines a holomor- 
phic function on S"^. Consequently, the function g(si,S2) is constant. This 
defines a symmetric bilinear form 



(si,S2) ^ 5(^1,52). 
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By assumption, the map u : 5"^ — > M is harmonic. Hence, ^ is a holo- 
morphic section of E'^. Since u is smooth at the north pole on 5^, the 
section ^ vanishes at the north pole. Thus, we conclude that g{^,s) = 
for every holomorphic section s € 7^. In particular, we have ^(ff , §f ) = 0. 

By the Grothendieck splitting theorem (cf. [30j), the bundle E"^ splits as 
a direct sum of holomorphic line subbundles; that is, 

E^ = Li®L2 ...(BLn. 

We assume that the line bundles Li, L2, . . . , L„ are chosen so that 

ci(Li)>ci(L2)>...>ci(L„). 

Note that ci{Li),ci{L2), . . . , ci(L„) are uniquely determined, but Li, L2, ■ ■ ■ , L, 
are not. By definition, E'^ is the complexification of a real bundle. In par- 
ticular, the bundle E'^ is canonically isomorphic to its dual bundle. From 
this, we deduce that 

Ci(Lfe) + Ci{Ln-k+l) = 

for fc = l,...,n (see [52j, p. 209). 

For each k € {!,... ,n}, we denote by F^^'^ the direct sum of all line 
bundles Lj except and L^-k+i- More precisely, we define 

F^^) = L,, 

where = {1, . . . , n} \ {A;, n - A; + 1}. Note that HLi ^^''^ = {0}- 

Moreover, we have ci{F^^^) = and rankF*^'^) > n-2. Let C H denote 
the space of holomorphic sections of F^^\ It follows from the Riemann-Roch 
theorem that dime Ti^^^ > n — 2. 

Fix an integer k e{l,...,n} such that || ^ r(F(*=)). Since dimc7^(^) > 
n — 2, there exists a subspace H C TY^'^^ such that dime H > [^^] and 
g{s, s) = for all s gH. We claim that the resctriction of / to 7l! is negative 
definite. To see this, consider a section s H. Since s is holomorphic, we 
have 

f Z^'" du _\ 
I[s, s) = -4 J^^ ^['q^^ 5i' ^ 

by Proposition 12. li Moreover, we have g{s,s) = g{^,s) = 9(f|,|f) = 0. 
Since M has positive isotropic curvature, it follows that 

Putting these facts together, we conclude that I{s, s) < 0. It remains to 
analyze the case of equality. If I{s, s) = 0, then s = f ^ for some meromor- 
phic function / : ^ C. However, || ^ r(F('=)) by our choice of k. Since 
s € T{F^'^^), it follows that / vanishes identically. Therefore, the restriction 
of / to 7l! is negative definite. 
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We now complete the proof of Theorem 12.21 Suppose that m < [^^], 
where m denotes the number of negative eigenvalues of the second variation 
operator. Then dime TC > m. Consequently, there exists a non- vanishing 
section s £7i which is orthogonal to the first m eigenfunctions of the second 
variation operator. Since s € H, we have I{s,s) < 0. On the other hand, 
we have I(s, s) > since s is orthogonal to the first m eigenfunctions of the 
second variation operator. This is a contradiction. 

Combining their index estimate with the existence theory of Sacks and 
Uhlenbeck [67], Micallef and Moore obtained the following result: 

Theorem 2.3 (M. Micallef, J.D. Moore [52j). Let M be a compact simply 
connected Riemannian manifold with positive isotropic curvature. Then M 
is a homotopy sphere. Hence, if n>A, then M is homeomorphic to 5"". 

Sketch of the proof of Theorem \2.3l Suppose that 'Kj{M) ^ for some 
integer j > 2. By a theorem of Sacks and Uhlenbeck [67J, there exists a har- 
monic map u : S'^ ^ M with Morse index less than j — On the other hand, 
any harmonic map u : S'^ ^ M has Morse index at least [f ] — 1 by Theorem 
12. 2[ Putting these facts together, we obtain j > [|]. Thus, 7rj(M) = for 
j = 2, . . . ,[^]. Since M is simply connected, the Hurewicz theorem implies 
that TTj{M) = for j = l,...,n — 1. Consequently, M is a homotopy sphere. 

We say that M has pointwise 1/4-pinched sectional curvatures if < 
K^TTi) < AK{tt2) for all points p (z M and all two-planes vri,7r2 C TpM. 
It follows from Berger's inequality (see e.g. [U]) that every manifold with 
pointwise 1/4-pinched sectional curvatures has positive isotropic curvature. 
Hence, Theorem 12.31 generalizes the classical sphere theorem of Berger and 
Klingenberg. 

The topology of non-simply connected manifolds with positive isotropic 
curvature is not fully understood. It has been conjectured that the funda- 
mental group of a compact manifold M with positive isotropic curvature is 
virtually free in the sense that it contains a free subgroup of finite index (see 
[23j,^29j). A. Fraser has obtained an important result in this direction: 

Theorem 2.4 (A. Fraser [23J). Let M be a compact Riemannian manifold 
of dimension n > 5 with positive isotropic curvature. Then the fundamental 
group of M does not contain a subgroup isomorphic to Z©Z. 

The proof of Theorem 12 .41 relies on the existence theory of Schoen and Yau 
|68j , and a careful study of the second variation of area (see also [22] , [69] ) . 
The proof also uses the following result due to A. Fraser (see [23], Section 
3): 

Proposition 2.5 (A. Fraser [23]). Let h be a Riemannian metric on 
with the property that every non-contractible loop in {T'^,h) has length at 
least 1. Moreover, let 5^ be the two-sphere equipped with its standard metric 
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of constant curvature 1. Then there exists a degree-one map f from (T^, h) 
to such that \Df \ < C, where C is a numerical constant. 

Proof of Proposition \2.5[ Let S be the universal cover of (T2,/i), and let 
vr : S — > (T^, h) denote the covering projection. Note that S is diffeomorphic 
to M^. For each positive integer k, there exists a unit-speed geodesic 7^ : 
[—k, /c] — > S such that d{^k{k)ilk[—k)) = 2A;. Passing to the limit as /c — > 00, 
we obtain a unit-speed geodesic 7 : M — > S such that d{'^{ti),^{t2)) = ^2! 
for all ti,t2 £ R- In particular, 7(ti) 7^ 7(^2) whenever ti 7^ t2- By the 
Jordan curve theorem, the complement S \ {'^{t) : t € M} has exactly two 
connected components, which we denote by f^i and 0,2- 

We next define functions Di : S ^ M and D2 : S — > M by 



inf{(i(7(t),p) : t G M} for p G J^i 
- inf {d(7(t) , p) : i G M} for p G 
otherwise 



and 

I)2(p) = d(7(0),p) -1. 
Clearly, \Dj{p) — Dj{q)\ < d{p,q) for all points p, G S. Let 

Q={pGS:Z)i(p)2 + Z)2(p)'<^}. 

We claim that 

QC 51/3(7(1)) Ui?i/3(7(-l)). 
To see this, we consider a point p G Q. Then there exists a real number t 
such that d{'y{t),p) = \Di{p)\. This implies 

||t|-l| = |d(7(0),7(t))-l| 

< |d(7(0),7(t)) - d(7(0),p)| + |d(7(0),p) - 1| 
<d(7(t),p) + |d(7(0),p)-l| 
= jZ)i(p)| + |D2(p)|. 
From this, we deduce that 

min {d{j{l),p),d{'y{-l),p)} 

< min {d(7(l), 7(0), d(7(-l), 7(0)} + d{j{t),p) 

= \\t\-l\+d{-f{t),p) 

<2\Di{p)\ + \D2{p)\ 
1 

Thus, QC 51/3(7(1)) USi/3(7(-l))- 

We next define 7^ = QnBi{-f{l)). Clearly, TZ C 51/3(7(1)). This implies 

Di{p)^ + D2{p)'^ = ^ for all points p G dTZ. Hence, the map {Di,D2) : 
TZ —I- 5i/g(0) maps dTZ into 95i/g(0). The map (Di,D2) is smooth in a 
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neighborhood of 7(1). Moreover, the differential of {Di,D2) at the point 
7(1) is non-singular. Since (Di (p) , L>2 (p) ) / (1)1(7(1)), 1)2(7(1))) for all 
p & TZ \ {7(1)}, we conclude that the map (Di,D2) : TZ i?i/8(0) has 
degree one. 

In the next step, we approximate the functions Di and D2 by smooth 
functions. Let 5 be an arbitrary positive real number. Using the convolu- 
tion procedure of Greene and Wu (see [24], [25]), we can construct smooth 
functions Di : 7^ — > M and D2 : TZ such that 

\D,ip)-D,{p)\<5 

and 

\Dj{p)-Djiq)\<2dip,q) 

for all points p,q G TZ. 

Fix a cut-off function ij : [0, 00) — > [0, 1] such that r]{s) = 2 for s < 2 
and r]{s) = for s > 3. We define smooth maps : — > \ {0} and 

: M2 ^ 52 by 

ip{xi,X2) = (xi ri{xl + xl),X2 ri{xl + x^), 1 - - x|) 



and 



^ixi,X2) 

1p{Xl,X2) - 



\f{xi,X2)\' 

In particular, ip{xi,X2) = (0, 0, —1) whenever x\ + X2 > 3. We now define a 
map F : 7e ^ 52 by 

F{p) = ^{mbi{p),lQD2{p)). 

There exists a numerical constant C such that d{F{p), F{q)) < C d{p, q) for 
all points p,q eTZ. Moreover, F maps a neighborhood of the boundary dTZ 
to the south pole on 5^. It is easy to see that the map F : TZ ^ S"^ has 
degree one. 

By assumption, every non-contractible loop in (T^, h) has length at least 
1. Hence, if p, g are two distinct points in S satisfying 7r(p) = 7r(g), then 
d{p,q) > 1. Since TZ C ^1/3(7(1)), it follows that the restriction Tr\n is 
injective. We now define a map / : (T^, h) — > 5^ by 

{F{p) if y = vr(p) for some point p ^ TZ 

(0,0,-1) otherwise 

for y £ T'^. It is straightforward to verify that / has all the required prop- 
erties. This completes the proof of Proposition 12.51 

We note that the minimal surface arguments in [23j can be extended to 
the case n = 4 provided that M is orientable. 

Theorem 2.6. Let M be a compact orientable four-manifold with positive 
isotropic curvature. Then the fundamental group of M does not contain a 
subgroup isomorphic to TL®TL. 



fiy) 
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Proof of Theorem \2.(A Suppose that tti (M) contains a subgroup G which 
is isomorphic to Z © Z. For each positive integer A;, we denote by Gk the 
subgroup of 7ri(M) corresponding to /cZ © fcZ. Moreover, let 

Afc = inf{L(a) : a is a non-contractible loop in M with [a] G Gjt}. 

Note that — > cx) as A; ^ oo. 

Fix /c sufficiently large. By a theorem of Schoen and Yau [68j, there exists 
a branched conformal minimal immersion u : T"^ ^ M with the property 
that u* : 7ri(T^) — > 7ri(M) is injective and maps vri (T^) to Gfc. Moreover, 
the map u minimizes area in its homotopy class. Hence, u is stable. We 
next consider the normal bundle of the surface u{T'^). We denote by E the 
pull-back, under u, of the normal bundle of u{T'^). Note that E is a smooth 
vector bundle of rank 2, even across branch points. (This follows from the 
analysis of branch points in |35j.|54j.) Since M and are orientable, we 
conclude that E is orientable. Let E'^ = E ©]r C be the complexification of 
E. Since E is orientable, the complexified bundle E'^ splits as a direct sum 
of two holomorphic line bundles E^^'^^ and E^^'^\ Here, E^^'^^ consists of all 
vectors of the form a{v — iw) G E'^, where a G C and {v,w} is a positively 
oriented orthonormal basis of E. Similarly, E^'^'^^ consists of all vectors of 
the form a{v + iw) G E'^, where a G C and {v,w} is a positively oriented 
orthonormal basis of E. Since E'^ is the complexification of a real bundle, 
we have ci(£;(^'°)) +ci(^(°'^)) = ci{E^) = 0. Without loss of generality, 
we may assume that ci(i?(^''^^) > 0. (Otherwise, we choose the opposite 
orientation on E.) 

Since u is stable, we have 



(1) 



T2 



D^s dx dy > 

dz 



du du 

rp-2 V OZ OZ 



s] dxdy 



(see [22], [69]). Every section s G T{E^^^^'>) is 



for all sections s G T[E'^) 
isotropic, i.e. g{s, s) = 0. Since M has positive isotropic curvature, there 
exists a positive constant k such that 

du du _\ (?M 2 

— ,s >K — s 

OZ OZ J OZ 

for all sections s G T{E^^''^^). Putting these facts together, we obtain 

9n 2 



R 



(2) 

for all s G 
such that 



J'2 



\D Q s\ dxdy > K 



T2 



dz 



' dx dy 



(3) 



T2 



T{E( 



dz 



1,0)> 



Moreover, we can find a positive constant e = e{k) 



y 2 



T2 



du 



dz 



, ,2 , , 1 
\s\ dxdy > — KE 



' dx dy 



T2 



for all s G T{E^^''^^). Taking the arithmetic mean of ([2]) and ([3]), we obtain 

9li |2 



(4) 



T2 



\D±s 

dz 



rp2 



dz 



+ e 



' dx dy 
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for all s G r(E(i'0)). 

We next define a Riemannian metric h on by 

h = u*g + 2e {dx ^ dx + dy ® dy) = u*g + e {dz ^ dz + dz ^ dz). 

Every non-contractible loop in (T^ , h) has length at least A^. . By Proposition 
12.51 there exists a degree-one map / from (T^, h) to the standard sphere S'^ 
such that Afc \Df\ < C. This implies 



(5) 



df 



dz 



<Ci 



d 



dz 



Ci 



du 



dz 



+ e 



where Ci is a positive constant independent of k. 

Fix a holomorphic line bundle L over S"^ with ci(L) > 0. We also fix a 
metric and a connection on L. Finally, we fix sections 001^002 £ T{L*) such 
that Icjil + |u;2| > 1 at each point on S"^. 

Let ^ = /*L be the pull-back of L under the map /. Since / has degree 
one, we have ci(0 > 0. Since ci(£;(^'°)) > 0, it follows that ci(£^(i'°)(g)0 > 0. 
By the Riemann-Roch theorem, the bundle E'^^'^^ admits a non- vanishing 
holomorphic section, which we denote by a. For j = 1,2, we define tj = 
f*{LOj) G r(C*) and Sj = a®Tj e r(-E;(i'0)). Since a is holomorphic, we have 



D±Sj 

dz 



CT (g) V a r,-, 

dz 



where V denotes the connection on We next observe that 



V a Ti 



df 



dz 



where C2 is a positive constant independent of k. This implies 



\Da Sj\ 
' a? ' 



V a T, 



|2 U|2 ^ 



9/ 



for j = 1, 2. Using we obtain 

az 

for j = 1, 2. From this, we deduce that 



du 



dz 



+ e] a 



(6) 

Note that 



Irp2 
< 2C1C2 



\D^si\ +\D^S2\ )dxdy 



rp2 



du 



dz 



+ e ) |cr| dx dy. 



\si\ + \s2\ = \(t\ (|ri| + |r2|) > |cr| 
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at each point on T^. Hence, it follows from (jl]) that 



(7) 











2 






1 




> 








4 






1 




> 
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Si I + |-C'_e_si| ) dxdy 

dz 



du 



dz 
du 2 



+ e) + |s2p) dxdy 



dz 



+ e ) |cj| dx dy. 



Thus, we conclude that < I6C1C2. This contradicts the fact that 

Ai. — > 00 as A; — > 00. 



In the remainder of this section, we describe sufficient conditions for the 
vanishing of the second Betti number. M. Berger |5| proved that the second 
Betti number of a manifold with pointwise 1 / 4-pinched sectional curvatures 
is equal to 0. In even dimensions, the same result holds under the weaker 
assumption that M has positive isotropic curvature: 

Theorem 2.7 (M. Micallef, M. Wang [53j). Let M be a compact Riemann- 
ian manifold of dimension n> A. Suppose that n is even and M has positive 
isotropic curvature. Then the second Betti number of M vanishes. 

Proof of Theorem \2. 7\ Suppose that is a non- vanishing harmonic two- 
form on M. It follows from the Bochner formula that 

n n n 

^Ak = ^ Ric- ^pjk + ^ RiCfc - 2 ^ Rijki V"^', 

where Atp = Yl^i=i 5"'^ ^'ji'^ denotes the rough Laplacian of ip. Fix a point 
p ^ M where the function \ip\'^ attains its maximum. At the point p, we 
have IV'P > and A(IV'P) < 0. This implies 

^i,k=i ' 

n n 

(8) >2 ^ A^,feV'^^ = 4 ^ (Ric^^-/'-i?^^-'=')^,feV',7 

i,k=l i,j,k,l=l 

at the point p. In order to analyze the curvature term on the right hand side, 
we write n = 2m. We can find an orthonormal basis {vi,wi,V2,W2, . . . ,Vm, Wm} 
of TpM and real numbers Ai, . . . , Am such that 
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for 1 < a, P < m. Using the first Bianchi identity, we obtain 



n 

i,j,k,l=l 
m 

= XI ^" [Ric(?^Q, Va) + Ric{Wa,Wa)] 
m 

-2 X XaX(3[R{Va,Vp,Wa,Wp) - R{Va,Wp,Wa,Vp)] 
a,/3=l 

m 

a,/3=l 

m 

a,/3=l 
a,l3=l 



This impHes 



n 

X (Ric*^ff'=^-i?*^*=')V'«fcV',7 

ij,fc,i=l 

= X -^a t'a, t'/s) + i?(^^a, Wp, Va, Wp)] 

+ ^^a [R{'Wa,Vp,Wa,Vp) + R{Wa,Wp,Wa,Wp)] 
- 2 X ^« R{Va, Wa,Vi3, Wp). 

Since M has positive isotropic curvature, we have 

R{Va,Vf3,Voc,Vp) + R{Va,Wf},Va,Wp) 
+ R{Wa,Vp,Wa,Vi3) + R{Wa,Wp,Wa,Wp) 
> '2\R{Va,Wa,Vp,Wi3)\. 
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for a ^ (3. Since 

YZ=i > 0' it follows that 

n 

i,j,k,l=l 

> 2 ^ \R{v -2^ |A„| |A/3| \R{va,Wa,vp,wp)\ 

= 'Yil^al - |A/3|)^ \R{Va,Wa,Vf3,Wf3)\ 

> 

at the point p. This contradicts ([8|). 

In odd dimensions, the following result was established by M. Berger: 

Theorem 2.8 (M. Berger [3]). Let M he a compact Riemannian manifold of 
dimension n > 5. Suppose that n is odd and M has pointwise ^~^g -pinched 
sectional curvatures. Then the second Betti number of M vanishes. 

Proof of Theorem \2.8l Suppose that -0 is a non- vanishing harmonic two- 
form on M. The Bochner formula implies that 

n n n 

^i^ik = Ric^ ipjk + Y '^ij ~ ^ ^'j^i 

As above, we fix a point p £ M where the function \'ip\'^ attains its maximum. 
At the point p, we have \^p\'^ > and Ad-i/^p) < 0. From this, we deduce 
that 

^i,k=i ' 

n n 

(9) >2^AVifcV'' = 4 Y (Ric'^'<?''-^'^''')V'ifcV',7 

i,k=l i,j,k,l=l 

at the point p. We now write n = 2m + 1. We can find an orthonormal basis 
{u, vi,wi,V2,W2, • • • , Vm, Wm} of TpM and real numbers Ai, . . . , Am such that 

1p{u,Va) = Tp{u,Wa) = 
1piVa,Vf3) = 1p{Wo,,Wp) = 
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for 1 < a, P < m. This implies 



i,j,k,l=l 



= ^ [R{u, Va,U, Va) + R{u, Wa, U, Wa)] 
a=l 

Vp) + R{Va,Wp,Va,Wp)\ 
+ ^ [R{w Vfs) + R{Wa,Wp,Wa,Wf3)] 

- 2 ^ Aq, A/3 R{Va,Wa,Vf3,Wp). 

By assumption, M has pointwise g^~^ -pinched sectional curvatures. After 
rescaling the metric if necessary, we may assume that all sectional curvatures 

8m— 5 ] 
^' 2m-2\ 



of M at p all lie in the interval (1, f^^]- Using Berger's inequality (cf. [47j), 



we obtain 

2m — 1 

\R{Va,Wa,Vp,Wp)\ < -. 

m — 1 

bmce 

Ea=i > 0' it follows that 

n 

^ (Ric^^/'-ii^^'=')V.fcV',7 
i,j,k,l=l 

™ An 

> 

at the point p. This contradicts Q. 

We note that the pinching constant in Theorem 12.81 can be improved for 
n = 5 (see ^5]). 

3. The Differentiable Sphere Theorem 

The Topological Sphere Theorem provides a sufficient condition for a 
Riemannian manifold M to be homeomorphic to 5". We next address the 
question of whether M is actually diffeomorphic to 5". Various authors 
have obtained partial results in this direction. The first such result was 
established in 1966 by D. Gromoll [26] and E. Calabi. Gromoll showed that 
a simply connected Riemannian manifold whose sectional curvatures lie in 
the interval (1, is diffeomorphic to S^. The pinching constant 6{n) 
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depends only on the dimension, and converges to 1 as n ^ oo. In 1971, 
M. Sugimoto, K. Shiohama, and H. Karcher [72j proved the Differentiable 
Sphere Theorem with a pinching constant 6 independent of n (S = 0.87). 
The pinching constant was subsequently improved by E. Ruh [65] (6 = 0.80) 
and by K. Grove, H. Karcher, and E. Ruh [32] {6 = 0.76). Ruh [66] proved 
the Differentiable Sphere Theorem under pointwise pinching assumptions, 
but with a pinching constant converging to 1 as n — > oo. 

Grove, Karcher, and Ruh [31], [32] established an equivariant version of 
the Differentiable Sphere Theorem, with a pinching constant independent 
of the dimension (6 = 0.98). The pinching constant was later improved by 
H. Im Hof and E. Ruh: 

Theorem 3.1 (H. Im Hof, E. Ruh [46]). There exists a decreasing sequence 
of real numbers 5{n) with lim„^oo ^{n) = 0.68 such that the following state- 
ment holds: if M is a compact, simply connected 6{n)-pinched Riemannian 
manifold and p is a group homomorphism from a compact Lie group G into 
the isometry group of M , then there exists a diffeomorphism F : M ^ S'^ 
and a homomorphism a : G ^ 0{n + 1) such that F o p[g) = a{g) o F for 
all g eG. 

In 1982, R. Hamilton [36] introduced fundamental new ideas to this prob- 
lem. Given a compact Riemannian manifold (M, i^o), Hamilton studied the 
following evolution equation for the Riemannian metric: 



This evolution equation is referred to as the Ricci flow. Hamilton also consid- 
ered a normalized version of Ricci flow, which differs from the unnormalized 
flow by a cosmological constant: 



evolution equations (jlOp and (jlip are essentially equivalent: any solution 
to equation (jlOp can be transformed into a solution of (jlip by a rescaling 
procedure (cf. [36j). 

R. Hamilton [36] proved that the Ricci flow admits a shorttime solution 
for every initial metric go (see also |21)). Moreover, Hamilton showed that, 
in dimension 3, the Ricci flow deforms metrics with positive Ricci curvature 
to constant curvature metrics: 

Theorem 3.2 (R. Hamilton ^36j). Let (M, ^o) be a compact three-manifold 
with positive Ricci curvature. Moreover, let g{t), t G [0,T), denote the 
unique maximal solution to the Ricci flow with initial metric qq. Then the 
rescaled metrics ^(r^_i-^ g{t) converge to a metric of constant sectional cur- 
vature 1 as t ^ T. In particular, M is diffeomorphic to a spherical space 
form. 



(10) 





5(0) = 50- 
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In [37], Hamilton developed powerful techniques for analyzing the global 
behavior of the Ricci flow. Let {M,go) be a compact Riemannian manifold, 
and let g{t), t € [0, T), be the unique solution to the Ricci flow with initial 
metric qq. We denote by E the vector bundle over M x (0,T) whose fiber 
over (p, t) £ M X (0, T) is given by = TpM. The vector bundle admits 

a natural bundle metric which is defined by {V, W)fi = (V, W^)g(t) for V,W £ 
E(^p^ty Moreover, there is a natural connection D on E, which extends the 
Levi-Civita connection on TM. In order to define this connection, we need 

to specify the covariant time derivative Dd_ . Given two sections V, W of E, 

at 

we define 

(12) {DeV,w)g^,) = (|y,iy)^(,) -Ric,(,)(y,iy). 

Note that the connection D is compatible with the bundle metric h. 

Let be the curvature tensor of the evolving metric g{t). We may view R 
as a section of the vector bundle E* ® E* ® E* ® E* . It follows from results 
of R. Hamilton [37] that R satisfies an evolution equation of the form 

(13) D^R = AR + Q(R). 

at 

Here, Dd_ denotes the covariant time derivative, and A is the Laplacian 

at 

with respect to the metric g{t). Moreover, Q{R) is defined by 

n n n 

(14) Q{R)ijkl ~ ^ ^ Rijpq Rklpq ~^ ^ ^ Ripkq Rjplq 2 ^ ^ Riplq Rjpkq- 

p,q=l P)9=l Pi9=l 

Hamilton established a general convergence criterion for the Ricci flow, 
which reduces the problem to the study of the ODE ^R = Q{R) (see [37], 
Section 5). As an application, Hamilton proved the following convergence 
theorem in dimension 4: 

Theorem 3.3 (R. Hamilton [37]). Let (M, go) compact four-manifold 
with positive curvature operator. Moreover, let g{t), t E [0,T), denote the 
unique maximal solution to the Ricci flow with initial metric gQ. Then the 
rescaled metrics g[t) converge to a metric of constant sectional cur- 

vature 1 as t ^ T. Consequently, M is diffeomorphic to or MP^. 

H. Chen [20] showed that the conclusion of Theorem 13.31 holds under 
the weaker assumption that (M, (70) has two-positive curvature operator. 
(That is, the sum of the smallest two eigenvalues of the curvature operator 
is positive at each point on M.) Moreover, Chen proved that any four- 
manifold with pointwise 1/4-pinched sectional curvatures has two-positive 
curvature operator. This implies the following result (see also [2j): 

Theorem 3.4 (H. Chen [2D]). Let (M, grg) be a compact four-manifold with 
pointwise 1/4-pinched sectional curvatures. Let g{t), t G [0, T), denote the 
unique maximal solution to the Ricci flow with initial metric gQ. Then the 
rescaled metrics g^-^^^^ g{t) converge to a metric of constant sectional cur- 
vature 1 as t —I- T. 
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The Ricci flow on manifolds of dimension n > 4 was first studied by 
G. Huisken [45] in 1985 (see also [50],[58])- To describe this result, we 
decompose the curvature tensor in the usual way as Rijki = Uijki + Vijki + 
Wijku where Uijki denotes the part of the curvature tensor associated with 
the scalar curvature, Vijki is the part of the curvature tensor associated with 
the tracefree Ricci curvature, and Wijki denotes the Weyl tensor. 

Theorem 3.5 (G. Huisken [45|). Let {M^go) he a compact Riemannian 
manifold of dimension re > 4 with positive scalar curvature. Suppose that 
the curvature tensor of (M, (70) satisfies the pointwise pinching condition 

|Fp + \W\'^ < 6{n) |C/p, 

where 6 (4) = ^, 6{5) = jq, and 

S(n) = 

^ ' (n-2)(re + l) 

for re > 6. Let g{t), t € [0, T), denote the unique maximal solution to the 
Ricci flow with initial metric go. Then the rescaled metrics 2(n-i)[T-t) 9^^^ 
converge to a metric of constant sectional curvature 1 as t ^ T . 

Note that the curvature condition in Theorem l3.5l is preserved by the Ricci 
flow. Moreover, any manifold (M, (70) which satisfies the assumptions of 
Theorem 13.51 necessarily has positive curvature operator (see |45j . Corollary 
2.5). 

C. Bohm and B. Wilking proved a convergence result for manifolds with 
two-positive curvature operator, generalizing Chen's work in dimension 4: 

Theorem 3.6 (C. Bohm, B. Wilking [7j). Let {M^go) is a compact Rie- 
mannian manifold with two-positive curvature operator. Let g{t), t € [0,T), 
denote the unique maximal solution to the Ricci flow with initial metric g^. 
Then the rescaled metrics 2{n-i){T-t) 9^^^ converge to a metric of constant 
sectional curvature 1 as t ^ T. 

C. Margerin [51] used the Ricci flow to show that any compact four- 
manifold which has positive scalar curvature and satisfies the pointwise 
pinching condition |T^p + \V\'^ < |C/p is diffeomorphic to or WF^. By 
combining Margerin's theorem with a conformal deformation of the metric, 
A. Chang, M. Gursky, and P. Yang were able to replace the pointwise pinch- 
ing condition by an integral pinching condition. As a result, they obtained 
a conformally invariant sphere theorem in dimension 4: 

Theorem 3.7 (A. Chang, M. Gursky, P. Yang [H]). Let (M, 50) be a com- 
pact four-manifold with positive Yamabe constant. Suppose that (M, (70) sat- 
isfies the integral pinching condition 

(15) / (|W^I^ + I^I^) < / \U\^. 

Jm Jm 

Then M is diffeomorphic to S"^ or MP^ . 
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Given any compact four-manifold M, the Gauss-Bonnet theorem asserts 
that 



(cf. [16], equation (0.4)). Hence, the condition ([T5|) is equivalent to 



Here, the norm of W is defined hj \W\^ = J2i,j,k,i=i ^ijki W'^^K 

4. New invariant curvature conditions for the Ricci flow 

In an important paper [44j, R. Hamilton proved that the Ricci flow pre- 
serves positive isotropic curvature in dimension 4. Moreover, Hamilton 
studied solutions to the Ricci flow in dimension 4 with positive isotropic 
curvature, and analyzed their singularities. Finally, Hamilton [44j devised a 
sophisticated procedure for extending the flow beyond singularities (see also 



In a recent paper piij, we proved that positive isotropic curvature is pre- 
served by the Ricci flow in all dimensions. This was shown independently 
by H. Nguyen in his doctoral dissertation. Our proof relies on the following 
algebraic result which is of interest in itself (see [10], Corollary 10): 

Proposition 4.1. Let R he an algebraic curvature tensor on M" with non- 
negative isotropic curvature. Moreover, suppose that {61,62,63,64} is an 
orthonormal four-frame satisfying 




(16) 




[H], [59], [60]). 



-R1313 + -^1414 + -R2323 + -^2424 — 2 i?1234 — 0. 



Then 



QiRhsiS + Q(i?)l414 + Q(i?)2323 + Q{R)242A " 2 Q(i?)l234 > 0, 



where Q{R) is given by ( jTTj ). 

Sketch of the proof of Proposition \4-l\ Following Hamilton [37] , we write 
Q{R) = R^ + R*, where R^ and R* are defined by 



n 




p,q=l 



and 



n 



n 




p,g=l 



p,g=l 
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Note that and i?* do not satisfy the first Bianchi identity, but + i?* 
does. Since R satisfies the first Bianchi identity, we have 

(i?*)l313 + (i?*)l414 + (i?*)2323 + (R*) 2424 

+ 2{R*)iu2 + 2{R*) 1423 

n n 

~ ^ ^ {Rlplq + R2p2q) {R^pZq + R^pAq) — 2 ^ Rl2pq Rsipq 

p,q=l P,?=l 
n 

~ 2 ^2 {Rlp3q + R2p4q) {Rsplq + RAp2q) 
p,q=l 
n 

~ 2 ^2 {Rlp4:q — R2p3q) {R^plq — Rzp2q)- 
p,q=l 

We claim that the right hand side is nonnegative. To prove this, we define 

4 4 

= ^ (-^^Iplg + R2p2q) {R^pZq + R^pAq) — ^ Rl2pq Rupq 
p,q=l P,?=l 
4 

— ^ {Rlp3q + R2pAq) {Rsplq + RAp2q) 
p,q=l 

4 

— ^ (-Rlp4g — R2p3q) {RAplq — R3p2q), 
p,q=l 

An An 
j{2) _ ^ ^(-Rlplg + R2p2q) {Rzpiq + -R4p4g) — ^ ^ -Rl2pg -^34^? 
p=l g=5 p=l g=5 

4 n 

— ^ ^(-^lp3? + -^2p4g) {Rzplq + RAp2q) 

p=l q=5 
A n 

— ^ ^(^lp4g - R2p3q) {RAplq — R3p2q), 
p=l q=5 



j{3) _ ^ {Ripiq + R2p2q) {R3p3q + -f^4p4g) " ^ R\2pq R3Apq 
p,q=5 P,q=5 
n 

— ^ iR\p3q + R2pAq) {R3plq + -R4p2g) 

n 

— ^ (-Rlp4g — R2p3q) {RAplq — R3p2q)- 
p,q=5 
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We may view the isotropic curvature as a real- valued function on the space of 
orthonormal four-frames. This function attains its minimum at {ei, 62, 63, 64} 
Consequently, the first variation at {ei, 62, 63, 64} is zero and the second vari- 
ation is nonnegative. Using the fact that the first variation is zero, we can 
show that /(^^ = = (see [1^, Propositions 5 and 7). In order to 
estimate we consider the following (n — 4) x (n — 4) matrices: 

CLpq = Rlplq + R2p2qi bpg = RspSq + Rip/^q^ 

Cpq — Rsplq ~l~ Rip2qj dpg — Riplq R^p2qj 

(ipq — Rl2pqi fpq — RzAjyq 

{5 < p,q < n). Since the second variation is nonnegative, the matrix 



B 


-F 


-c 


-D 


F 


B 


D 


-C 






A 


-E 






E 


A 



is positive semi-definite. From this, we deduce that 

l(3) = tY{AB) + iv{EF) - tr(C2) - iv{D^) > 
(see [10], Proposition 9). Putting these facts together, we conclude that 

1313 + (i?#)l414 + (i?*)2323 + {R*) 2424 

(17) +2(i?#)i342 + 2 (i?#)l423 

= 2/(^) -F4/(^) -^2/(3) > 0. 
Moreover, we have 

1313 + [R )l414 + (i?')2323 + {R' ^2424 

(18) +2{R%^i2 + 2{R^) 1423 

n n 

= ^ {Rl3pq — ^24pg)^ + ^ {RlApq + R23pq)'^ > 
p,q=l p,q=i 

by definition of R"^. Adding and p^ . we obtain 

QiR)l313 + Q(^)l414 + Q(i?)2323 + Q(i?)2424 

(19) +2Q(i?)i342 + 2Q(i?)l423 >0. 

Since Q{R) satisfies the first Bianchi identity, we conclude that 

Q{R)l313 + QiR)uU + Q{R)2323 + Q(^)2424 " 2 Q(i?)l234 > 0, 

as claimed. 

Theorem 4.2 (S. Brendle, R. Schoen [10]; H. Nguyen [55j). Let M be a 
compact manifold of dimension n > A, and let g{t), t G [0, T), be a family 
of metrics on M evolving under Ricci flow. If {M,g{0)) has nonnegative 
isotropic curvature, then {M,g{t)) has nonnegative isotropic curvature for 

allt e [o,r). 
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Proof of Theorem \4-^ It follows from Proposition 14.11 that nonnegative 



isotropic curvature is preserved by the ODE -^R = Q{R)- Hence, the asser- 
tion follows from Hamilton's maximum principle for systems (see [37j). 

As an application of Proposition I4.H we are able to generalize a theorem 
of S. Tachibana [73] : 

Theorem 4.3 (S. Brendle [H]). Let {M,g) be a compact Einstein manifold 
of dimension n > 4 with positive isotropic curvature. Then {M,g) has 
constant sectional curvature. 



Proof of Theorem \4-3\ After rescaling the metric if necessary, we may 
assume that the scalar curvature of {M,g) equals n{n — 1). Since g is an 
Einstein metric, we have Ricjj = (n — 1) gij. This implies 

(20) AR + Q{R) = 2{n-l)R. 
We define a tensor Sijki by 

Sijki = Rijki — 1^ {gik Qji — gu gjk), 

where k is a positive constant. Note that S satisfies all the algebraic proper- 
ties of the curvature tensor. Let k be the largest constant with the property 
that Sijki has nonnegative isotropic curvature. Then there exists a point 
p G M and a four- frame {ei, 62, 63, 64} C TpM such that 

5'(ei, 63, 61,63) + 5(61,64,61,64) 

+ 5(62, 63, 62, 63) + 5(62, 64, 62, 64) 

- 25(61,62,63,64) = 0. 
Therefore, it follows from Proposition 14.11 that 

(5(5)(6i,63,6i,63) + Q(5)(6i,64,6i,64) 

(21) + <3(5)(62, 63, 62, 63) + Q(5)(62, 64, 62, 64) 
- 2(5(5)(6i,62,63,64) > 0. 

We next observe that 

Q{S)ijki = Q{R)ijki + 2(n - 1) {gik gji - gu gjk) 

- 2k (Ricjfc gji - Ricji gjk - Ricjfe gu + Ricji gik)-, 

hence 

Q{S)ijki = Q{R)ijki + 2(n - 1) K (k - 2) {gik gji - gu gjk)- 
Substituting this into (|2ip . we obtain 

Q(i?)(ei, 63, 61, 63) + Q{R){ei,ei, 61, 64) 

(22) + Q{R){e2, 63, 62, 63) + Q{R){e2, 64, 62, 64) 

- 2Q(E)(6i, 62, 63, 64) + 8(n - 1) K (k - 2) > 0. 
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Fix a vector w G TpM, and consider the geodesic 7(5) = expp(st(7). More- 
over, let Vj{s) be a parallel vector field along 7 with Vj{0) = ej. The function 

S ^R{vi{s),V3{s),Vi{s),V3{s)) + i?(-Ul(s),f4(s), Wl(s),'L'4(s)) 

+ i?(f2(s), W3(s), f2(s), '^3(5)) + ^(^^2(5), ■V4(s), ^2(5), ^4(5)) 
-2R{vi{s),V2is),V3{s),Vi{s)) - Ak 

is nonnegative and vanishes for s = 0. Hence, the second derivative of that 
function at s = is nonnegative. This implies 

(-C'^,u;-R)(ei, 63, 61,63) + (£»^ „,i2)(ei, 64, 61,64) 

+ (^^,«,^)(e2, 63, 62, 63) + {Dl^^^R){e2, 64, 62, 64) 

-2(1)2 „,fl)(6i, 62, 63,64) >0. 

Since w S TpM is arbitrary, we conclude that 

(Ai?)(6i,63,6i,63) + (Ai2)(6i,64,6i,64) 
(23) + (Ai?)(62, 63, 62, 63) + (Ai?)(62, 64, 62, 64) 

-2(Ai?)(6i,62,63,64) > 0. 

Adding ([22]) and ([23]) yields 

-^(61,63,61,63) + i?(6l,64,6l,64) 

+ it:(e2, 63, 62, 63) + i?(e2, 64, 62, 64) 

-2i?(6i,62,63,64) + 4k(k - 2) > 0. 

On the other hand, we have 

-R(6l, 63, 61, 63) + i?(6l, 64, 61, 64) 

+ -R(e2, 63, 62, 63) + i?(e2, 64, 62, 64) 

- 2i?(ei, 62, 63, 64) - 4k = 0. 

Since k is positive, it follows that k > 1. Therefore, S has nonnegative 
isotropic curvature and nonpositive scalar curvature. Hence, Proposition 
2.5 in [53] implies that the Weyl tensor of {M,g) vanishes. 

In the next step, we apply Theorem l4.2l to the product manifolds (M, g{t)) x 
M and {M,g{t)) x M?. 

Theorem 4.4 (S. Brendle, R. Schoen [10]). Let M he a compact manifold 
of dimension n> 4, and let g{t), t G [0,T), be a solution to the Ricci flow on 
M. If (M, g{0)) X M has nonnegative isotropic curvature, then {M,g{t)) x M 
has nonnegative isotropic curvature for all t £ [0,T). 

Theorem 4.5 (S. Brendle, R. Schoen [IQ]). Let M be a compact manifold 
of dimension n > 4, and let g{t), t € [0,T), be a family of metrics on 
M evolving under Ricci flow. If (M, (/(O)) x has nonnegative isotropic 
curvature, then {M,g{t)) x M? has nonnegative isotropic curvature for all 

te[o,T). 
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A similar result holds for products of the form {M,g{t)) x ^^(l), where 
5^(1) denotes a two-dimensional sphere of radius 1 (see |12], Proposition 
10). 

Theorem 4.6 (S. Brendle |12j). Let M be a compact manifold of dimension 
n > 4, and let g{t), t € [0,T), be a solution to the Ricci flow on M. If 
(M, g'(O)) X S'^(l) has nonnegative isotropic curvature, then {M, g{t)) x S'^{1) 
has nonnegative isotropic curvature for all t G [0,T). 

Theorem 14.61 is quite subtle, as the manifolds {M,g{t)) x 5^(1) do not 
form a solution to the Ricci flow. 

Theorems 14.41 - 14.61 provide us with various curvature conditions that are 
preserved by the Ricci flow. We now discuss these curvature conditions in 
more detail. Let M be a Riemannian manifold of dimension n > 4. The 
product M X M has nonnegative isotropic curvature if and only if 

-Rl313 + i?1414 + -^2323 + -^2424 — 2A i?i234 > 

for all orthonormal four- frames {61,62,63,64} and all A G [— 1,1] (see |12j. 
Proposition 4). Similarly, the product M x has nonnegative isotropic 
curvature if and only if 

-R1313 + A^ -R1414 + /^^ -R2323 + A^^^ -R2424 — 2A/i iii234 > 

for all orthonormal four-frames {ei, 62, 63, 64} and all A, ^ G [—1, 1] (see [lO] , 
Proposition 21). Finally, the product M x 5^(1) has nonnegative isotropic 
curvature if and only if 

-R1313 + A^ -R1414 + -R2323 + A^^^ ^2424 

- 2A/ii?i234 + (1 - A^) (1 -n^)>0 

for all orthonormal four-frames {ei, 62, 63, 64} and all X, fi £ [—1, 1] (cf. [12j, 
Proposition 7). 

We can also characterize these curvature conditions using complex nota- 
tion. The product M x M has nonnegative isotropic curvature if and only 
if R{z,w,z,ijd) > for all vectors z,w T^M satisfying g{z, z) g{w,w) — 
g{z, w)'^ = 0. Moreover, the product M x has nonnegative isotropic cur- 
vature if and only if R{z^ w, Zjw) > for all vectors z,w £ T^M (see [53] , 
Remark 3.3). 

Combining these results with earlier work of Hamilton [37J and of Bohm 
and Wilking [7], we obtain the following theorem: 

Theorem 4.7 (S. Brendle, R. Schoen [10]). Let {M,go) be a compact Rie- 
mannian manifold of dimension n > 4 such that 

(24) i?1313 + A^ -R1414 + /^^ -^2323 + A^^^ -^2424 — 2A/i i?i234 > 

for all orthonormal four-frames {61,62,63,64} and all X, fJ- [—1,1]. Let 
g{t), t G [0,T), denote the unique maximal solution to the Ricci flow with 
initial metric go. Then the rescaled metrics 2{n-i)(T-t) converge to a 
metric of constant sectional curvature 1 as t T. 
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It follows from Berger's inequality that every manifold with pointwise 1/4- 
pinched sectional curvatures satisfies ()24p . Hence, we can draw the following 
conclusion: 

Corollary 4.8 (S. Brendle, R. Schoen [10]). Let (M, i^o) be a compact Rie- 
mannian manifold with pointwise 1/A-pinched sectional curvatures. More- 
over, let g{t), t E [0,T), denote the unique maximal solution to the Ricciflow 
with initial metric qq. Then the rescaled metrics 2{n-i){T-t) 9^^) converge to 
a metric of constant sectional curvature 1 as t ^ T. 

Both Theorem 13.61 and Theorem 14.71 are subcases of a more general con- 
vergence theorem for the Ricci flow: 

Theorem 4.9 (S. Brendle [12])' Let {M,go) be a compact Riemannian man- 
ifold of dimension n > 4 such that 

(25) -Rl313 + -^1414 + -R2323 + ^'^ -R2424 — 2A i?i234 > 

for all orthonormal four-frames {ei, 62, 63, 64} and all A € [—1, 1]. Let g{t), 
t G [0,T), denote the unique maximal solution to the Ricci flow with initial 
metric go. Then the rescaled metrics 2(n-V}{T-t) ^(^) converge to a metric 
of constant sectional curvature 1 as t ^ T. 

To conclude this section, we provide a diagram showing the logical impli- 
cations among the following curvature conditions: 

(CI) M has 1/4-pinched sectional curvatures 
(C2) M has nonnegative sectional curvature 

(C3) M has two-nonnegative flag curvature; that is, -R1313 + -R2323 > for 

all orthonormal three- frames {ei, 62, 63} 
(C4) M has nonnegative scalar curvature 
(C5) M X M? has nonnegative isotropic curvature 
(C6) M X 5^(1) has nonnegative isotropic curvature 
(C7) M X M has nonnegative isotropic curvature 
(C8) M has nonnegative isotropic curvature 
(C9) M has nonnegative curvature operator 
(CIO) M has two-nonnegative curvature operator 

Note that conditions (C4) - (CIO) are preserved by the Ricci flow, but (CI) 
- (C3) are not. 
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5. Rigidity results and the classification of weakly 

1/4-PINCHED manifolds 

In this section, we describe various rigidity results. The foUowing theorem 
is based on the strict maximum principle and plays a key role in our analysis: 

Theorem 5.1 (S. Brendle, R. Schoen [11]). Let M be a compact manifold 
of dimension n > 4, and let g{t), t G [0,T), be a solution to the Ricci flow on 
M with nonnegative isotropic curvature. Moreover, we fix a time r G (0,T). 
Then the set of all four-frames {61,62,63,64} that are orthonormal with 
respect to g{T) and satisfy 

-RgM (61,63,61,63) + -Rg(r) (61,64,61, 64) 
+ RgiT)ie2, 63, 62, 63) + i?g(^)(62, 64, 62, 64) 
- 2-Rg(^)(6i,62,63,64) = 

is invariant under parallel transport. 

Sketch of the proof of Theorem l5.iL Let E denote the vector bundle 
defined in Section 3, and let P be the orthonormal frame bundle of E; that 
is, the fiber of P over a point {p, t) € M x (0, T) consists of all n-frames 
{61, . . . , 6„} C TpM that are orthonormal with respect to the metric g{t). 
Note that P is a principal 0(n)-bundle over M x (0, T). Let tt denote 
the projection from P to M x (0, T). For each t G {0,T), we denote by 

= 7r-^(M X {t}) the time t slice of P. 

The connection D defines a horizontal distribution on P. For each point 
6 = {61, . . . , 6„} G P, the tangent space TgP splits as a direct sum TgP = 
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He © Ve, where Hg and Ve denote the horizontal and vertical subspaces 
at e, respectively. We next define a collection of horizontal vector fields 
Xi, . . . , Xn, Y on P. For each j = 1, . . . , n, the value of Xj at a point 
e = {ei, . . . , e„} G P is given by the horizontal lift of the vector ej. Similarly, 
the value of y at a point e = {ei, . . . , e^} € -P is given by the horizontal lift 
of the vector ^. Note that the vector fields Xi, . . . , X„ are tangential to Pt- 
We define a function u : P — > M by 

n : e = {ei, . . . ,e„} i-^ i?(ei, 63, ei, 63) + i?(ei, 64, ei, 64) 

+ R{e2, 63, 62, 63) + R{e2, 64, 62, 64) 
- 2i?(ei,e2,e3,e4), 

where P denotes the Riemann curvature tensor of the evolving metric g{t). 
By assumption, the function u : P ^ M is nonnegative. Using (jl3p . we 
obtain 

n 

- '^^ji^jiu)) = (5(P)(ei, 63, 61,63) +(5(P)(ei,64,6l,64) 

+ Q{R){e2, 63, 62, 63) + Q{R){e2, 64, 62, 64) 

- 2Q(P)(6i,62,63,64) 

(see Lemma 6). Moreover, there exists a positive constant K such that 

(5(i?)(6i,63,6i,63) +Q(P)(6i,64,6i,64) 

+ Q(-R)(e2, 63, 62, 63) + Q{R){e2, 64, 62, 64) 
- 2 (61,62,63, 64) 

>K inf {D^u){S„C)-K sup Du{0 - K u 

CeV,,|C|<i 5eVe,|5|<i 

(see ^Uj, Lemma 7). Putting these facts together, we obtain 

n 

Y{u)-Y,Xj{X,{u)) 

>K inf {D^u)[e,,S,) - K sup Du{C)-Ku. 

?e%l?l<i CeVe,|e|<i 

Since u satisfies this inequality, we may apply a variant of Bony's strict 
maximum principle for degenerate elliptic equations (cf. [8]). Hence, if 
7 : [0, 1] — > P,- is a horizontal curve such that 7(0) lies in the zero set of 
the function n, then 7(1) lies in the zero set of the function u (see [H], 
Proposition 5). From this, the assertion follows. 

If we apply Proposition 15. II to the product manifolds {M,g(t)) x 5"^, then 
we obtain the following result: 

Corollary 5.2 (S. Brendle, R. Schoen [H]). Let M he a compact manifold 
of dimension n > 4. Moreover, let git), t G [0, T), he a solution to the Ricci 
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flow on M with the property that {M,g(t)) x M has nonnegative isotropic 
curvature. Fix real numbers t E (0, T) and A G [—1,1]. Then the set of 
all four-frames {61,62,63,64} that are orthonormal with respect to g{T) and 
satisfy 

Rg(T) (ei , 63 , 61 , 63) + Rg{j) (ei , 64 , ei , 64) 

+ -^5^(^2,63,62,63) + A^i?g(^)(62,64,62,64) 

- 2Ai?g(^) (61,62,63, 64) = 

is invariant under parallel transport. 

Theorem 15.11 and Corollary 15.21 can be used to prove various rigidity re- 
sults. For example, we can extend Theorem 14.31 as follows: 

Theorem 5.3 (S. Brendle [H]). Let {M,g) be a compact Einstein manifold 
of dimension n > 4 with nonnegative isotropic curvature. Then {M,g) is 
locally symmetric. 

In the next step, we classify all Riemannian manifolds (M, go) with the 
property that (M, go) x M has nonnegative isotropic curvature: 

Theorem 5.4. Let {M,gQ) be a compact, locally irreducible Riemannian 
manifold of dimension n > A. Suppose that [M^go) x M has nonnegative 
isotropic curvature. Moreover, let g{t), t G [Q,T), denote the unique max- 
imal solution to the Ricci flow with initial metric go. Then one of the fol- 
lowing statements holds: 

(i) The rescaled metrics 2{n-i)(T-t) ^^(^) converge to a metric of constant 
sectional curvature 1 as t ^ T. 

(ii) n = 2m and the universal cover of (M, go) is a Kdhler manifold. 

(iii) (M, go) is locally symmetric. 

Sketch of the proof of Theorem \5.4\ By assumption, the manifold (M, go) 
is locally irreducible and has nonnegative Ricci curvature. By a theorem of 
Cheeger and Gromoll, the universal cover of M is compact (see |17) or [61j . 
p. 288). 

If (M, go) is locally symmetric, we are done. Hence, we will assume that 
(M, go) is not locally symmetric. By continuity, there exists a real number 
6 G (0, T) such that {M,g[t)) is locally irreducible and non-symmetric for 
all t G (0,(5). By Berger's holonomy theorem, there are three possibilities: 

Case 1: Suppose that Hol'^(M, g(r)) = SO{n) for some r G (0,(5). In this 
case, it follows from Corollarv 15.21 that 

-Rg{r) (ei , 63 , 61 , 63) A^ Rg(^T-) (61 , 64 , 61 , 64) 
+ -Rg(r)(e2,63,62,63) + A^ -Rg(r) (62, 64, 62, 64) 

- 2Ai?g(^)(6i,62,63,64) > 

for all orthonormal four- frames {61, 62, 63, 64} and all A G [—1, 1]. By Theo- 
rem l4.91 the rescaled metrics 2(n-i)(T-f) ^(*) converge to a metric of constant 
sectional curvature 1 as t — > T. 
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Case 2: Suppose that n = 2m and Hoi" (M, g{t)) = U{m) for all t G (0, 5). 
In this case, the universal cover of {M,g{t)) is a Kahler manifold for all 
t £ (0,5). Since g(t) — > go in C°°, we conclude that the universal cover of 
(M, go) is a Kahler manifold. 

Case 3: Suppose that n = 4m > 8 and Rof{M,g{T)) = Sp(m) • Sp(l) 
for some r € (0,5). In this case, the universal cover of {M,g{T)) is a com- 
pact quaternionic-Kahler manifold. In particular, {M,g{T)) is an Einstein 
manifold. Since {M,g{T)) has nonnegative isotropic curvature, Theorem 15. 31 
implies that {M,g{T)) is locally symmetric. This is a contradiction. 

In the special case that {M,go) has weakly 1/4-pinched sectional curva- 
tures, we can draw the following conclusion: 

Corollary 5.5 (S. Brendle, R. Schoen pTj). Assume that (M,go) has weakly 
1/4-pinched sectional curvatures in the sense that < i^(vri) < 4:K{'IT2) for 
all points p £ M and all two-planes iti,tt2 C TpM . Moreover, we assume 
that {M,go) is not locally symmetric. Finally, let g{t), t € [0,T), denote the 
unique maximal solution to the Ricci flow with initial metric go- Then the 
rescaled metrics 2{n-i){T-t) 9^^^ converge to a metric of constant sectional 
curvature 1 as t ^ T. 

Finally, we briefly discuss the problem of classifying manifolds with al- 
most 1/4-pinched sectional curvature. This question was first studied by 
M. Berger [6]. Berger showed that for each even integer n there exists a 
positive real number e{n) with the following property: if M is a compact, 
simply connected Riemannian manifold of dimension n whose sectional cur- 
vatures lie in the interval (1,4 + £{n)], then M is homeomorphic to or 
diffeomorphic to a compact symmetric space of rank one. 

Building upon earlier work of J. P. Bourguignon [9j, W. Seaman [70j 
proved that a compact, simply connected four- manifold whose sectional 
curvatures lie in the interval (0.188,1] is homeomorphic to or CP^. 
U. Abresch and W. Meyer [1] showed that a compact, simply connected, 
odd-dimensional Riemannian manifold whose sectional curvatures lie in the 
interval (1,4(1 -|- 10~®)^] is homeomorphic to a sphere. 

Using Theorem 15.41 and Cheeger-Gromov compactness theory, P. Petersen 
and T. Tao [62] proved that any compact, simply connected Riemannian 
manifold of dimension n whose sectional curvatures lie in the interval (1, 4-|- 
e(n)] is diffeomorphic to a sphere or a compact symmetric space of rank one. 
Here, e(n) is a positive real number which depends only on n. 

6. Hamilton's differential Harnack inequality for the Ricci 

FLOW 

In 1993, R. Hamilton [39] established a differential Harnack inequality 
for solutions to the Ricci flow with nonnegative curvature operator (see 
[38j for an earlier result in dimension 2). In this section, we describe this 
inequality, as well as some applications. Let (M, g{t)), t € (0, T), be a family 
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of complete Riemannian manifolds evolving under Ricci flow. Following 
R. Hamilton ^3^, we define 

Pijk = DiRicjk - DjRicik 

and 

Mij = ARicij - ^ Dljsc&l + 2 Rikji Ric^^ - Ricf Ricjfc + ^ Riaj. 
Hamilton's matrix Harnack inequality states: 

Theorem 6.1 (R. Hamilton [39j). Let {M,g{t)), t G (0,r), be a solution to 
the Ricci flow with uniformly bounded curvature and nonnegative curvature 
operator. Then 

M{w, w) + 2 P{v, w, w) + R{v, w, v,w) > 
for all points {p,t) € M x (0,T) and all vectors v,w TpM . 

Taking the trace over w, Hamilton obtained a gradient estimate for the 
scalar curvature: 

Corollary 6.2 (R. Hamilton [39]). Assume that {M,g{t)), t G (0,T), is a 
solution to the Ricci flow with uniformly bounded curvature and nonnegative 
curvature operator. Then 

d 1 

—seal + - seal + 2 Sjscal u * + 2 Ric(T;, v) > 
for all points (p, t) (z M x (0, T) and all vectors v G TpM . 

We note that H.D. Cao [H] has established a differential Harnack in- 
equality for solutions to the Kahler-Ricci flow with nonnegative holomor- 
phic bisectional curvature. In [13j . it was shown that Hamilton's Harnack 
inequality holds under the weaker assumption that {M,g(t)) x has non- 
negative isotropic curvature: 

Theorem 6.3 (S. Brendle [l3]). Let {M,g{t)), t G (0,T), be a solution to 
the Ricci flow with uniformly bounded curvature. Moreover, suppose that the 
product {M,g{t)) xM? has nonnegative isotropic curvature for allt G (0,T). 
Then 

M{w, w) + 2 P{v, w, w) + R{v, w, v,w) > 
for all points (p, t) (z M x (0, T) and all vectors v,w TpM . 

The Harnack inequality has various applications. For example, it can be 
used to show that any Type H singularity model with nonnegative curvature 
operator and strictly positive Ricci curvature must be a steady Ricci soliton 
(see [10]). A Riemannian manifold {M,g) is called a gradient Ricci soliton 
if there exists a smooth function / : M ^ R and a constant p such that 
Ricjj = pgij + Dfjf. Depending on the sign of p, a gradient Ricci soliton 
is called shrinking {p > 0), steady {p = 0), or expanding (p < 0). As in 
Theorem l6.3t we can replace the condition that M has nonnegative curvature 
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operator by the weaker condition that M x has nonnegative isotropic 
curvature: 

Proposition 6.4 (S. Brendle [l3]). Let {M,g{t)), t G (-00, T), be a solution 
to the Ricci flow which is complete and simply connected. We assume that 
{M, g{t)) xM? has nonnegative isotropic curvature and {M,g{t)) has positive 
Ricci curvature. Moreover, suppose that there exists a point {po,to) € M x 
(—00, T) such that 

scal<;(t)(p) < scalg(to)(po) 

for all points {p,t) G M x (— cxd,T). Then {M,g{tQ)) is a steady gradient 
Ricci soliton. 

Proposition 6.5 (S. Brendle [T3]). Let {M,g{t)), t e (0,r), be a solution 
to the Ricci flow which is complete and simply connected. We assume that 
{M, g{t)) xM? has nonnegative isotropic curvature and {M,g{t)) has positive 
Ricci curvature. Moreover, suppose that there exists a point {po^to) € M x 
(0, T) such that 

t ■ sc&\g(t){p) < to ■ scalg(t(,)(po) 

for all points {p,t) E M x (0, T). Then (M, (7(^0)) is an expanding gradient 
Ricci soliton. 

7. Compactness of pointwise pinched manifolds 

R. Hamilton [51] has shown that a convex hypersurface with pinched 
second fundamental form is necessarily compact. B. Chen and X. Zhu proved 
an intrinsic analogue of this result. More precisely, they showed that a 
complete Riemannian manifold which satisfies a suitable pointwise pinching 
condition is compact: 

Theorem 7.1 (B. Chen, X. Zhu [H]). Let {M^g^) be a complete Riemann- 
ian manifold of dimension n > 4. Assume that the scalar curvature of 
{M^go) is uniformly bounded and positive. Moreover, suppose that (M, (/o) 
satisfies the pointwise pinching condition 

\V\'^ + \W\'^ <6{n){l-ef\U\^, 

where e is a positive real number and S{n) denotes the pinching constant 
defined in Theorem \3.5l Then M is compact. 

Theorem 17.11 was generalized by L. Ni and B. Wu (see [57], Theorem 
3.1). In the remainder of this section, we prove another generalization of 
Theorem 17. 11 To that end, we need two results due to L. Ni [56] and L. Ma 
and D. Chen [49]: 

Proposition 7.2 (L. Ni ^56j)- Let {M,g) be a steady gradient Ricci soliton 
which is complete and non-compact. Suppose that there exists a point po £ M 
such that < scal(p) < scal(|?o) for all points p £ M. Moreover, we assume 
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that Ric > e seal 51 for some constant e > 0. Then there exists a constant 
a > such that 

scal(p) < e-"'^(P«'P)scal(po) 

for d{po,p) > 1. 

Proof of Proposition 7.2 Since {M,g) is a steady gradient Ricci soliton, 
there exists a smooth function / : M — > R such that Ricjj = Df -f . This 
impUes 

= Oiscal - 2 g''^ DiRicki + 2 g^^ DkRicu 

= a,scal-2/'l)3,,,/ + 2/' Dl.^J 

= diSC3l + 2g'''Rikjid^f 

= Sjscal + 2 Ricjj f. 

By assumption, the scalar curvature attains its maximum at the point po- 
This implies 9iScal(po) = 0. Since M has positive Ricci curvature, it follows 
that dif{po) = 0. Hence, the point po is a critical point of the function /. 
Since / is strictly convex, we conclude that / has no critical points other 
than pq. Let o" be a positive real number such that Ric > o' g for d(po,p) < 1. 
This implies f{p) — f{po) > ^ crc^(PO)P)^ for d{po,p) < 1. Moreover, we have 
f{p) - f{Po) > \ ad{pQ,p) for d{pQ,p) > 1. 
Using the inequality Ric > escal g, we obtain 

di{e^'^ seal) d'f = e^"^ {discald'f + 2escal \Df\^) 

< e^'f (fiscal d'f + 2 Ric.j f f) 
= 0. 

Fix a point p € M, and let 7 : [0, 00) M he the solution of the ODE 
7'(s) = — i9*/(7(s)) with initial condition 7(0) = p. It is easy to see that 
7(5) ^ Po as s — > 00. Moreover, the function s 1— > e^^'^^'*'*^*^) scal(7(s)) is 
monotone increasing. Thus, we conclude that 

scal(p) < e-2^(^(P)--^(P»)) scal(po) 
for all points p (z M. This implies 

scal(p) < e-^'^°'(PO'P)scal(po) 

for d{pQ,p) > 1. 



Proposition 7.3 (L. Ma, D. Chen [l^). Let {M,g) be an expanding gradient 
Ricci soliton which is complete and non-compact. Suppose that there exists 
a point Po G M such that < scal(p) < scal(po) for all points p G M. 
Moreover, we assume that Ric > e seal 5 for some constant e > 0. Then 
there exists a constant a > such that 

sca\{p) < e-"'^(W'P)' scal(po) 

for all points p € M. 
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Proof of Proposition 7.3. Since {M,g) is an expanding gradient Ricci 
soliton, there exists a smooth function / : M — > M and a constant p < 
such that Ricjj = pgij + Dfjf- This imphes 

0,scal + 2Ric,j5V = 0. 

By assumption, the scalar curvature attains its maximum at the point pq. 
This imphes 9jScal(po) = 0. Since M has positive Ricci curvature, it follows 
that dif{po) = 0. Thus, po is a critical point of the function /. Since / is 
strictly convex, po is the only critical point of /. Since Ric > 0, we have 
fip) - f{po) > -\pd{po,pf for ah p G M. 
As above, the inequality Ric > e seal g implies 

diie^'f seal) 97 < 0. 

Fix an arbitrary point p £ M, and let 7 : [0, 00) — > M be the solution 
of the ODE 7'(s) = — i9*/(7(s)) ^ with initial condition 7(0) = p. Then 
7(5) ^ Pq as s ^ 00. Moreover, the function s e'^^-^^'*'*^*-*^ scal(7(s)) is 
monotone increasing. Therefore, we have 

scal(p) < e~2e(/(p)-/(po)) g(.al(po) < e^'"^(PO'P)%cal(po) 
for all points p € M. Since p < 0, the assertion follows. 

The following theorem generalizes Theorem 17.11 above: 

Theorem 7.4. Let (M, (70) be a complete Riemannian manifold of dimen- 
sion n > 4 with bounded curvature. Suppose that there exists a positive 
constant e such that 

-R1313 + i?i4i4 + -R2323 + A^^^ -R2424 - 2A/U i?i234 > £ seal > 

for all orthonormal four-frames {61,62,63,64} and all A,/i € [—1,1]. Then 
M is compact. 



Proof of Theorem \ 7.4\ We argue by contradiction. Suppose that M is 
non-compact. By work of Shi, we can find a maximal solution to the Ricci 
flow with initial metric gQ (see |71j . Theorem 1.1). Let us denote this solution 
by git), t € [0, T). Using Proposition 13 in [10], one can show that there 
exists a positive constant 5 with the following property: for each t G [0, T), 
the curvature tensor of {M,g{t)) satisfies 

(26) i?i3i3 + i?i4i4 + p^ i?2323 + A^^^ i?2424 " 2A/i i2i234 > 5 SCal 

for all orthonormal four-frames {61,62,63,64} and all A,// G [—1,1]. The 
constant 6 depends on e and n, but not on t. In particular, the manifold 
{M,g{t)) has positive sectional curvature for all t G [0,T). 

By a theorem of Gromoll and Meyer, the injectivity radius of {M,g{t)) is 
bounded from below by 
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where N{t) = suppg^^ scalg(f ) (p) denotes the supremum of the scalar curva- 
ture of {M,g{t)). There are three possibihties: 

Case 1: Suppose that T < oo. Let F be a pinching set with the property 
that the curvature tensor of g{0) lies in F for ah points p G M. (The 
existence of such a pinching set fohows from Proposition 17 in [lO].) Using 
Hamilton's maximum principle for systems, we conclude that the curvature 
tensor of g{t) lies in F for all points p ^ M and all t G [0, T). 

Since T < oo, we have sup^g[o,r) -^(*) = Hence, we can find a se- 
quence of times tk G [0, T) such that N{tk) —> oo. Let us dilate the mani- 
folds {M,g[tk)) so that the maximum of the scalar curvature is equal to 1. 
These rescaled manifolds converge to a limit manifold M which has point- 
wise constant sectional curvature. Using Schur's lemma, we conclude that 
M has constant sectional curvature. Consequently, M is compact by Myers 
theorem. On the other hand, M is non-compact, since it arises as a limit of 
non-compact manifolds. This is a contradiction. 

Case 2: Suppose that T = oo and sup^g[o,oo) tN{t) = oo. By a result of 
Hamilton, there exists a sequence of dilations of the solution (M, g{t)) which 
converges to a singularity model of Type II (see |43j . Theorem 16.2). We 
denote this limit solution by (M,g{t)). The solution {M,g{t)) is defined for 
all t G (— oo, oo). Moreover, there exists a point po £ M such that 

scal^(t)(p) < scal§(o)(po) = 1 

for all points {p,t) G M x (—00,00). 

The manifold (M,^(0)) satisfies the pinching estimate ([26]) . as ([26l) is 
scaling invariant. Moreover, it follows from the strict maximum principle 
that scal^(o)(p) > P ^ Therefore, the manifold {M,g{0)) has 

positive sectional curvature. Since {M,g{0)) arises as a limit of complete, 
non-compact manifolds, we conclude that {M,g{0)) is complete and non- 
compact. By a theorem of Gromoll and Meyer [28j, the manifold M is 
diffeomorphic to M". 

It follows from Proposition 16.41 that (M,g{0)) is a steady gradient Ricci 
soliton. By Proposition 17.21 the scalar curvature of {M,g{0)) decays expo- 
nentially. Hence, a theorem of A. Petrunin and W. Tuschmann implies that 
{M,g{0)) is isometric to (see [63], Theorem B). This contradicts the fact 
that scalg(o)(Po) = 1- 

Case 3: Suppose that T = 00 and sup^g[o,oo) tN{t) < 00. By a result of 
Hamilton, there exists a sequence of dilations of the solution {M,g{t)) which 
converges to a singularity model of Type HI (see [43j, Theorem 16.2). We 
denote this limit solution by {M,g{t)). The solution {M,g{t)) is defined for 
all t G {—A, 00), where A is a positive real number. Moreover, there exists 
a point pq £ Ad such that 



(A + t) ■ scal^(t)(p) < A ■ scalg(o)(po) = A 
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for all points {p,t) G M x {—A, oo). 

As above, the manifold {M,g{0)) satisfies the pinching estimate (|26|) . 
Moreover, the strict maximum principle implies that scalg(o)(p) > 
all p € M. Consequently, the manifold {M,g(0)) has positive sectional 
curvature. Moreover, the manifold {M,g{0)) is complete and non-compact, 
since it arises as a limit of complete, non-compact manifolds. Therefore, M 
is diffeomorphic to (see [28]). 

By Proposition [631 the manifold (M, ^(0)) is an expanding gradient Ricci 
soliton. Hence, Proposition 17. 31 implies that the scalar curvature of (M, ^(0)) 
decays exponentially. By Theorem B in [63\ . the manifold {M,g{0)) is iso- 
metric to M". This contradicts the fact that scalg(Q')(po) = 1- 

This completes the proof of Theorem 17. 4i 

Corollary 7.5. Let (M, (70) be a complete Riemannian manifold of dimen- 
sion n > 4 with bounded curvature. Suppose that there exists a positive 
constant £ such that < -^^(vri) < (4 — e) K{tt2) for all points p ^ M and all 
two-planes tti,tt2 C TpM. Then M is compact. 
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